Mixed hook-length formula for 
degenerate affine Hecke algebras 

Maxim Nazarov 

Q i In this article we work with the degenerate afRne Hecke algebra Hi corresponding to 

O I the general linear group GLi over a local non- Archimedean field. This algebra was 

^^ ■ introduced by V. Drinfeld in [D], see also [L]. The complex associative algebra Hi 

is generated by the symmetric group algebra CSi and by the pairwise commuting 

elements xi , . . . , x; with the cross relations for p = 1 ,...,/ — 1 and q — 1, . . . , I 
00 

r~' . _ -, 

Q/ . <^p,p+lXp — Xp+l<^p,p+l ^ J- • 

^t^ • Here and in what follows apq E Si denotes transposition of the numbers p and q . 

For any partition A = (Ai , A2 , . . . ) of / let Vx be the corresponding irreducible 
C5'z -module. There is a homomorphism Hi -^ CSi identical on the subalgebra 
_ CSi C Hi such that Xp 1-^ (Tip + . . .+ap-i^p for each p = 1, . . . , l — l . So Vx can be 

^ ' regarded as a if;- module. For any number z G C there is also an automorphism 

00 . oi Hi identical on the subalgebra CSi C Hi such that Xp \-^ Xp + z for each 



^ 



X 



p = 1, . . . , /. We will denote by Vx{z) the if; -module obtained by pulling Vx 



\0 \ back through this automorphism. The module Vx{z) is irreducible by definition. 

Consider the algebra Hi ® Hm where both / and m are positive integers. It is 
Q\ • isomorphic to the subalgebra in HiJ^rn generated by the transpositions apq where 

1 ^ p < q ^ I or l + l^p<q^l + m, along with all the elements xi , . . . , xi+rn ■ 
j^ ! For any partition jjl oi m and any number zw G C take the corresponding Hm- 

module V^{w) . Now consider the if/_|_m- module W induced from the Hi ® H^- 
module Vx{z) ® V^{w) . Also consider the if/ _|_m- module W induced from the 
Hm ® if; -module V^{w) ® Vx{z) . Suppose that 2; — w ^ Z , then the modules W 
and W are irreducible and equivalent ; see [C] . So there is a unique, up to scalar 
5^ \ multiplier, if; _|_^- intertwining operator I : W ^ W . For a certain particular 

realization of the modules W and W we will give an explicit expression for the 
operator I . In particular, this will fix the normalization of I . 

Following [C] , we will realize W and W as certain left ideals in the group 
algebra CSi+m ■ We will have W' — Wr where r G Si+m is the permutation 

(l,...,m,m-fl,...,m-F/) i-> (/-fl,...,/-Fm,l, ...,/). 

Let J : W —^ W be the composition of the operator I and the operator W — > W 
of the right multiplication by r~^ . In §2 we give an explicit expression for the 
operator I . Using this expression makes the spectral analysis of the operator J 
an arduous task; cf. [AK] . However, our results are based on this expression. 

The subalgebra CSi+m C HiJ^rn acts in W C. CSi+m via left multiplication. 
Under this action the space W splits into irreducible components according to 
the Littlewood-Richardson rule [M] . The operator J commutes with this action. 
Hence J acts via multiplication by a certain complex number in every irreducible 
component of W appearing with multiplicity one. In this article we compute these 
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For example, there are two distinguished irreducible components of the CSi+rn- 
module W which always have multiplicity one. They correspond to the partitions 

X + jj = (Ai + |Ui , A2 + Ai2 , • • • ) and {X' + ij')' = {X[ + fi[ , X2 + ^2 , ■ ■ ■)' 

where as usual A' = (A'^^ , A2 , . . . ) denotes the conjugate partition. Denote by 
hxfj,{z,w) the ratio of the corresponding two eigenvalues of J, this ratio does not 
depend on the normalization of the operator / . Theorems 1 and 2 have the following 

Corollary : 

yJZ-W-X'j-fi^ + ^+j-l 

^^ z -w + Xi + jj'- -I- J + 1 

where the product is taken over all z , j = 1 , 2 , . . . such that j ^ Xi , Hi . 

We derive this corollary in §6. Now identify partitions with their Young diagrams. 
The condition j ^ A^ , Hi means that the box (i, j) belongs to the intersection of 
the diagrams A and fx . If X = fx the numbers A^ + A^ — z — j + 1 are called [M] 
the hook-lengths of the diagram A . If A 7^ /U the numbers in the above fraction 

Xi + n'j - i - j + 1 and X'j + Hi - i - j + 1 

may be called the mixed hook-lengths of the first and of the second kind respectively. 
Both these numbers are positive for any box {i ,j) in the intersection of A and ^ . 

Let h\ denote the product of all / hook-lengths of the Young diagram A . This 
product appears in the well-known hook-length formula [M] for the dimension of 
the irreducible C 5"; -module Vx: dimV^ = ll/h\. In §7 we derive this formula 
from our Theorem 2. At the end of §7 we discuss applications of our Theorems 1 
and 2 to the representaton theory of affine Hecke algebras, cf. [LNT] . 

The present work arose from my conversations with B. Leclerc and J.-Y. Thibon. 
I am very grateful to them, and to the EPSRC for supporting their visits to the 
University of York. I am also grateful to S. Kumar for a useful discussion. I have 
been supported by the EC under the TMR grant FMRX-CT97-0100. 

§1. Here we will collect several known facts about the irrdeducible CS"; -modules. 
Fix the chain 5"! C S'2 C ■ ■ ■ C S"; of subgroups with the standard embeddings. 
There is a distinguished basis in the space Vx associated with this chain, called 
the Young basis. Its vectors are labelled by the standard tableaux [M] of shape A . 
For every such a tableau A the basis vector v\ G Vx is defined, up to a scalar 
multiplier, as follows. For any p = 1 ,...,/ — 1 take the tableau obtained from A 
by removing each of the numbers p + 1 ,...,/ . Let the Young diagram n be its 
shape. Then the vector v\ is contained in an irreducible CS'p-submodule of Vx 
corresponding to n . Fix an 5"; -invariant inner product ( , ) in V^ . The vectors 
va are then pairwise orthogonal. We will agree that {va,va) = 1 for every A . 

There is an alternative definition [J] of the vector va & Vx ■ For each p = 1, . . . , I 
put Cp = j — i if the number p appears in the i-row and the j'-th column of the 
tableau A . The number Cp is called the content of the box of the diagram A 
occupied by p. Here on the left we show the column tableau of shape A = (3,2) : 
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On the right we indicated the contents of the boxes of the Young diagram A = (3,2). 
So here we have (ci, ...,05) = (0,-1,1,0,2). For each p = 1 , . . . , / consider the 
image aip + . . . + crp_i,p of the generator Xp under the homomorphism Hi ^' CSi . 

Proposition 1 ([J]): the element v\ of the CSi -module V\ is determined, up to 
a scalar multiplier, by equations (aip +. . .+ ap-i^p) ■ va = CpVA for p = 1, . . . , / . 

Take the diagonal matrix element of V\ corresponding to the vector va 

Fa = ^ {vA,cr-VA)cr ■ 
'yeSi 
As a general property of matrix elements, we have the equality F^ = ^ '/ dim Vx-Fa ■ 
There is an alternative expression for the element Fa G C 5"; , it goes back to [C] . 
For any distinct p,q = 1, . . . , / introduce the rational function of two complex 
variables u,v 

fpq{u,v) = 1- apq/{u - v) . 

These functions take values in the algebra CSi and satisfy the relations 

fpqiu.v) fpr{u,w) fqr{v ,W) = fqr{v,w)fpr{u,w)fpq{u,v) (1) 

fpqiu.v) fqp{v,u) = 1- {U-V)~^ . (2) 

for all pairwise distinct indices p,q,r . Introduce / complex variables zi, . . . , zi. 
Order lexicographically the pairs {p , q) with 1 ^ p < q ^ I . Define the rational 
function Fa{zi, . . . , zi) as the ordered product of the functions fpq{zp+Cp , Zq + Cq) 
over all the pairs (p^q) . Let Za be the vector subspace in C^ consisting of all 
/-tuples {zij . . . , zi) such that Zp = Zq , whenever the numbers p and q appear 
in the same row of the tableau A . 

Proposition 2 ( [N] ) : the restriction of the rational function Fa{zi , . . . , zi) to 
Za is regular at the origin (0, . . . , 0) G C' , and takes there the value Fa ■ 

§2. Let us choose any standard tableau A of shape A. The if; -module V\{z) can 
be realized as the left ideal in CSi generated by the element Fa . The subalgebra 
CSi G Hi acts here via left multiplication. Due to Proposition 1 and to the defining 
relations of Hi , the action of the generators xi, . . . , xi in this left ideal can be 
then determined by setting Xp ■ Fa = {cp + z) Fa for each p = 1 ,...,/ . 

Also fix any standard tableau M of shape n . Let dq be the content of the box 
of the diagram n occupied by g = 1 , . . . , m in M . We will denote by G the image 
of any element G G CSm under the embedding CSm -^ CSi+m '■ o'pq ^-^ o-i+pj+g ■ 
The if;+rn -module W induced from the Hi^ Hm-T^odule V\{z)^V^{w) can be 
realized as the left ideal in CSi+m generated by the product FaFm ■ The action 
of the generators xi , . . . , xi+rn in the latter left ideal can be determined by setting 

Xp ■ FaFm = {cp + z) FaFm for each p = 1 ,...,/ ; (3) 

xi+q ■ FaFm = {dq + w) FaFm for each g = 1 , . . . , m . 
Now introduce the ordered products in the symmetric group algebra CSi+m 

Ram{z,w) = JJ f JJ fp,l+q{Cp + Z,dq + w)j, 

p=l,...,l ^ q=l,...,m 

Rkm{z,w) = W { W fp^i+q{cp + z,dq + w)j; 
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the arrows indicate ordering of (non-commuting) factors. We keep to the assumption 
z — w^1j. Applying Proposition 2 to the tableaux A, M and using (1) repeatedly, 

we get 

FxFMRKM{Z-:W)=R'f^^{z,w)F!yFM- (4) 

Hence the right multiplication in 'CSiJ^rn by Rxm{,z,w) preserves the left ideal W. 

The if^-i-m, -module W induced from the Hm^Hi-modnle V^{w)®V\{z) can be 

then realized as the left ideal in €5";+^ generated by the element t~^F;^Fmt , so 

that W — Wt . The action of the generators xi , . . . , xi+m in W is determined by 

Xq ■ t~^FaFmt = {dq + w) t~^FaFmt for each g = l,...,m; (5) 
Xm+p-T~^FAFMT = {cp + z)t~^FaFmt for each p = l,...J. (6) 

Consider the operator of right multiplication in CSi+m by Ram{z,w)t . Denote 
by / the restriction of this operator to the subspace W C C Si+m ■ Due to (4) the 
image of the operator / is contained in the subspace W . 

Proposition 3 : the operator I : W ^' W commutes with the action of Hi^rn ■ 

Proof. The subalgebra CSi+rn C Hi^^n acts in W,W' via left multiplication; the 
operator / commutes with this action by definition. The left ideal W is generated 
by the element F\Fm , so it suffices to check that Xp ■ I[F\Fm) = l{xp ■ FaFm) 
for each p = l,...jl + m. Firstly consider the case 1 ^ p ^ / , then by (3,4,5,6) 



X 



p 



I{FaFm) = Xp-{R'^^{z,w)T){T-^FAFMr) 

= {R'^yi{z,w)T){x^-i(^pyT~^FAFMT) 

= {RAMiz,w)T){cp + z){t~^FaFmt) = I{xp- FaFm) ; 

here we also used the defining relations of the algebra HiJ^rn ■ For more details of 
this argument see [L] . The case / + 1 ^ p ^ / + to can be considered similarly D 

Consider the operator of the right multiplication in €5";+^ by Ram{z^w) . This 
operator preserves the subspace W due to (4) . The restriction of this operator to 
W will be denoted by J . The subalgebra C Si^rn C. -ffz+m acts in W via left 
multiplication, and J commutes with this action. Regard W a,s a, CS'^+^rt- module 
only. Let v be any partition of / + to such that the irreducible C Si+m -module 
Vjy appears in W with multiplicity one. The operator J : W ^ W preserves the 
subspace V^ d W and acts there as multiplication by a certain number from C . 
Denote this number by r,^{z^w) ; it depends on z and w as a rational function of 
z — w ^ and does not depend on the choice of the tableaux A and M . Our aim is 
to compute the eigenvalues r^{z,w) of J for certain p . 

Before performing the computation, let us observe one general property of the 
eigenvalues rv{z,w). Similarly to the defintion of the ilf^+rn -intertwining operator 
I : W ^ W , one can define an operator /' : W ^ W as the restriction to 
W' of the operator of the right multiplication in CSi+rn by RuAiw jZ)t~^ . The 
operator /' commutes with the action of Hi^^^ as well. One can also consider the 
operator J' : W -^ W , defined as the restriction to W of the operator of right 
multiplication in CSi+rn by RuAiw^z). There is a unique irreducible CSi-^rn- 
submodule in VI C W equivalent to V^, C W ; actually here we have VJ = Vj^ r . 
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Proposition 4: 

, TT TT {z-w^\-i^k){z-w - [ik-i^k) 

^\ }~\ {z-w + X^- iJk-t + k){z-w-i + k) 

t=l k=l 

Proof. The product ri,{z,w) rl{w^z) is the eigenvalue of the composition I' ° I : 
W ^' W , corresponding to the subspace V^ dW . By definition, this composition 
is the operator of right multiplication in VF C C5';_|_m, by the element 

Ram{z,w)tRmx{w,z)t~^ = JJ ( JJ fp,i+q{cp + z,dq-\-w)\ -t X 

p=l,...,l q = l,...,m ' 

n ( n /'?,m+p('^<?+«',cp+2) j -r"^ = 

5=1,..., m ^ p=l,...,Z ^ 

n ( n /p,z+<?(cp+2,c^g+«')j ■ n ( n /i+9,pK+«',cp+2)j 

p=l,...,Z 5=1,..., m ' p=l,...,Z ^ q=\,...,m ' 

I m 

= Yl Yi y'^ - (Z - W + Cp - dq)~ 



= 1 9=1 

The last equality has been obtained by using repeatedly the relations (2), it shows 
that the composition I' ol is a scalar operator. Now recall that the contents of the 
boxes in the same row of a Young diagram increase by 1 , when moving from left to 
right. For the i-th row of A , the contents of the leftmost and rightmost boxes are 
1 — i and Xi — i respectively. For the k -th row of fj. , the contents of the leftmost 
and rightmost boxes are respectively 1 — k and Hk — k . Hence the right hand side 
of the last equality can be rewritten as 



I m 

nn 

p=l q = l 
^i m 

nn 

\ ' ' 

nY\ ( z-w + Xi-i + k z-w-i-iJk + k\ 
J- J. \ y — i;) _l_ \_. — i — iii-\-h y — 11) — i -\- h I 



Z — W+Cp — dq + 1 Z — W + Cp — dq — 1 
Z — W + Cp — dq Z — W + Cp — dq 

z — w + Xi— i — da + l z — w — i — d( 



z — w + 1 — i — dn z — w + Xi — i — d, 



q ^ uj [ /vj b uiq 



i=l fc=l 



z — W + Xi— i— Hk+k z — w — i + k 



§3. Choose any sequence ai , . . . , a^' G {1 , 2 , . . . } of pairwise distinct indices, we 
emphasize that this sequence needs not to be increasing. Here A'^^ is the number of 
non-zero parts in the partition A . Consider the partition n as an infinite sequence 
with finitely many non-zero terms. Define an infinite sequence 7 = (71 , 72 , • • • ) by 

7ai = /Uai + Ai , i = 1 , . . . , A'l ; 
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Suppose we have 71 ^ 72 ^ . . . , so that 7 is a partition of I + m . Then the 
irreducible CSi+rn-T^odule Vj corresponding to the partition 7 appears in W 
with multiphcity one. Indeed, the multiphcity of V^ in W equals the multiplicity 
of Vx in the CS"; -module corresponding to the skew Young diagram 7//U. The 
latter multiplicity is one by the definition of 7 ; see for instance [M] . 

We will evaluate the number r^{z , w) by applying the operator J to a particular 
vector in the subspace V-^ G W . Assume that A = A'^ is the column tableau 
of shape A ; the tableau M will be still arbitrary. The image of the action of 
the element Fa=-Fm in the irreducible CSi+m -module Ky is a one-dimensional 
subspace. Let us describe this subspace explicitly. The standard chain of subgroups 
5*1 C 5*2 C ■ ■ ■ C S"; corresponds to the natural ordering of the numbers 1,2,...,/. 
Now consider the new chain of subgroups 

Si C . . . C Sm C Sl-\-m C . . . C Sl-\-m 

corresponding to the ordering /-t-l,...,/-|-m,l, ...,/. Notice that the element 
Fm belongs to the subgroup Sj^ in this new chain. Take the Young basis in the 
space Ky associated with the new chain. In particular, take the basis vector vy & 
Vj corresponding to the tableau F of shape 7 defined as follows. The numbers 
/ + 1 ,...,/ + m appear in F respectively in the same positions as the numbers 
1 , . . . , m do in tableau M . Now for every positive integer j consider all those parts 
of A which are equal to j . These are A^ with i = X'j^i + 1 , -^j+i + 2 , . . . , A^- . 
Let /i , . . . , /\/ _ \/ be the indices a^ with Aj = ?' , arranged in the increasing 
order. By definition, the numbers appearing in the rows ^j+i + 1 , ^'j+i + 2 , . . . , A^- 
of the tableau A'^ , will stand in the rows /i , . . . , fy-y, of F respectively. For 
example, here for A = (3,2) and /U = (2,1) with ai = 2 and a2 — I we show a 
standard tableau M and the corresponding tableau F : 
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Proposition 5 : with respect to the ordering I + 1, . . . , I + 171 ,1, . . . , I the tableau 
F is standard. 

Proof. Reading the rows of the tableau F from left to right, or reading its columns 
downwards, the numbers I + 1, . . . , I + m appear in the increasing order because 
M is standard. These numbers will also appear before 1 ,...,/ . Moreover, the 
numbers 1 , . . . , / increase along each row of the tableau F by the definition of A^ . 
Now suppose that a column of F contains two different numbers p, g G {1 ,...,/} . 
Let a , a be the corresponding rows ; assume that a < a . Then a = ai and a = a^ 
for certain indices z , z e {1 , . . . , A'j^} . If A^ ^ Aj then p < q hj definition of A'^ . 
Let j, J be the columns corresponding to the numbers p, q in the tableau A^ . 
Suppose that A^ < Aj , then Ha > Ha because fXa + K ^ f'a + ^i ■ Since p and q 
stand in the same column of the tableau F , we then have j < J and p < q D 

Proposition 6: the one- dimensional subspace F/v^-Fm ■ V^ C V^ is obtained from 
the space CiJr by antisymmetrization relative to the columns of the tableau A*^ . 

Proof. Let Sx be the subgroup in 5"; consisting of all permutations which preserve 
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elements from Sx . Put V = Fm ■ V^ . The subspace F C V^ is spanned by the 
Young vectors, corresponding to the tableaux which agree with F in the entries 
/ + !,... ,/ + m. The action of the element Fa<: in V^ preserves the subspace V , 
and the image Fa<: -V G V is one-dimensional. Moreover, we have F/v^ -V = Q -V ; 
see [JK]. It now remains to check that Q ■ vr ^ . 

By our choice of the tableau F , it suffices to consider the case when A consists 
of one column only. But then the element Q G CSi is central. On the other hand, 
the vector vr G V is CSi -cyclic; see [C]. So Q ■ V j^ {0} implies Q ■ vr 7^ □ 

§4. Let 7 be any of the partitions of / + m described in the beginning of §3. Our 
main result is the following expression for the corresponding eigenvalue r~f{z,w) of 
the operator J -.W ^> W . This expression will be obtained by applying J to the 
vector Fj\^Fm -vr in V^ C W and using Proposition 6. 

Theorem 1 : 

-TT Z - W - X', - Hai + tti + j - 1 

rJz,w) = : : 

{1,3) 

where the product is taken over all boxes {i,j) of the Young diagram A . 

Proof. Using (4) and applying Proposition 2.12 of [N] to the tableau M , we obtain 
the equalities in the algebra CSiJ^m 

Fa''FmRa''m{z,w) =dimVx/ll • FA<:FMi?A<=M(^,«')-pA'= =dimVx/ll x 



V„-i , -c^-z + w J 

^A'^ru : -TA'^ ; 

V 1 , -Cp-Z + W J 

^ p=l,...,l 

we have also used Proposition 1 of the present article, cf. [O] . Here in the last line the 
factors corresponding to p = 1 , . . . , / pairwise commute. By the same proposition 
applied to the partition 7 instead of A, any Young vector in the C5';_|_m- module 
Vj is an eigenvector for the action of the elements 

0'l+l,p + • • • + Cri+m,p + CFlp + • • • + CFp-l,p ; p = 1 ,...,/ . 

The vector Q-vr ^V-y is a linear combination of the Young vectors, corresponding 
to standard tableaux obtained from F by permutations from the subgroup Sx C 
Si . The last expression for Fa^-Fm-Ra^mI-^jW) now shows, in particular, that the 
number r^{z,w) factorizes with respect to the columns of the Young diagram A . 
Firstly suppose that A consists of one column only. Then the number rj{z,w) 
is easy to evaluate ; cf. [NT] . Here we have Ci = 1 — i for each i = 1 ,...,/ . Using 
the chain of subgroups 5*1 C 5*2 C ■ ■ ■ C 5"^ corresponding to ordering /,...,! we 
then get 

Fa'= ■ Y\_ {(7i+i,i+-- ■+ (^i+m,i -l + i + u) = 



8 MAXIM NAZAROV 

Here in the last line the factors corresponding to z = 1 , . . . , / pairwise commute. 
Their product commutes with any element from the subalgebra CSi C C5';_|_m, 
and acts on the vector vr ^ Vj as multiplication by the number 

I 

Y\ (Hai-tti + l + u) . (7) 

i=l 

Let us now apply this result to the j -th column of a general Young diagram A , 
consecutively for j = 1 , . . . , Ai . For the general A the content of the box (i^j) is 
j—i . According to our last expression for F/^'^FuRA^Miz^w) in the product (7) we 
then have to replace / , fXai , u by Aj , fXai +j — l,2 — 2j — z + w respectively. Hence 

/ , ^ X f^a,+j-l-a^ + X!j + 2-2j-z + w 
rJz,w) = : : □ 

3 = 1 i=l •' 

§5. Choose any sequence 6i , . . . , 6ai ^ {1 , 2 , . . . } of pairwise distinct indices. 
Again, this sequence needs not to be increasing. Let us now regard the partition 
//' conjugate to ^ as an infinite sequence with finitely many parts. Determine an 
infinite sequence 5 ' = ( 5{ , ^2 , . . . ) by 

K, = ^&, + -^j ; i = 1 , • • • , Ai ; 

^b = ^J'b'^ 6 7^ 6i , . . . , 6ai • 

Suppose 5{ ^ ^2 ^ . . . , so that 5' is a partition of l + m . Define d as the partition 
conjugate to d' . The irreducible CS'^+m -module V^ appears in W with multiplic- 
ity one. Take the corresponding eigenvalue rs{zjw) of the operator J : W ^ W . 

Theorem 2: 

/ ^ Yj z-w + Xi + ^iL-i-bj+l 

rs{z,w) = -— 

-'■-'- z — W — I + ] 

where the product is taken over all boxes {i,j) of the Young diagram A . 

Proof. Denote by Z5 the minimal central idempotent in CSi+rn corresponding 
to the partition 6 . Take the automorphism * of the algebra C Si-^-m such that 
a* — sgn(cr)cr; we have Zg = Zg, then. Refiecting the tableaux A and M in their 
main diagonals we get certain standard tableaux of shapes A' and fx' respectively; 
denote these tableaux by A' and M' . Then we have F^ = F^/ and F-^ = F-^' . 
On the other hand, by the definition of the number rs{z , w) we have the equality 

ZsFAFMRAuiz.w) = rs{z,w) ZsFaFm- 
By applying the automorphism * to this equality we get 
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But RJ^'^{ZjW) = Rf^'y['{—Zj—w) by definition. Therefore by applying Theorem 1 
to the partitions A',//' instead of A, /U and choosing 7 = 5' we get 

z-w + Xj + fil^-h-j + l 

rs{z,w) = I I — : 

-'■-'■ z — W + I — 1 

where the product is taken over all boxes («,j) of the diagram A' . Equivalently, 
this product may be taken over all boxes (j , i) of the diagram A D 

§6. Let us now derive the Corollary stated in the beginning of this article. We will 
use Theorems 1 and 2 in the simplest situation when ai = i for every i = 1, . . . , X'^ 
and bj = j for every j = 1 , . . . , Ai . Then we have 7 = A + /U and d = {X' + fx')' . 
By Theorems 1 and 2, h\^{z,w) = r\-^.fj_{z,w) /r(^y^^fy{z,w) equals the product 
of the fractions 



w - X'j - iii + i+ j - 1 
w + Xi + ij'- - i - j + 1 



(8) 



taken over all boxes {i,j) of the diagram A. Consider those boxes of A which do 
not belong to fi . These boxes form a skew Young diagram, let us denote it by uj . 
To obtain the Corollary, it suffices to prove the following 

Proposition 7: the product of the fractions (8) over the boxes {i,j) of uj equals 1. 

Proof. We will proceed by induction on the number of boxes in the diagram co . 
Let us write u instead of z — w for short. When the diagram uj is empty, the 
statement to prove is tautological. Now let (a, b) be any box of uj such that by 
removing it from A we obtain again a Young diagram; then we have Xa = b and 
A^ = a . By applying the induction hypothesis to the last diagram instead of A , we 
have to show that the product 



t-i u + b-l + ^j-a-j + 1 "y} u-jJi-a + i + b-l 
-'■-'■ u + b + u'i—a— j + 1 -'■-'■ u~Ui — a + l + i + b — l 



X 



u — ^a — a + a + b — 1 ,-. 

X ■ (9) 

u + b + nl -a-b + l ^ ' 

equals 1 . Note that here we have ^a < Xa and /U^ < A^ . 

Suppose there is a box («, j) of uj with Ha < J < Xa and //^ < z < A^ , such 
that by adding this box to ^ we obtain again a Young diagram. Then we have 
/Uj: = j — 1 and /UJ = z — 1 . For the last diagram instead of ^ , the product (9) 
equals 1 by the induction hypothesis. Then it suffices to check the equality to 1 of 



u + b — 1 + I —1 — a — J + 1 u + b + i — a — j + 1 
u + b + 1 —1 — a — J + 1 u + b + i — a—j 

u — J + 1 — a + 1 + b — 1 u — j — a + i + b 



X 



u — J + 1 — a + 1 + I + b — 1 u — J — a + I + b — 1 
But this Droduct has form with v — u — a + b + t— i 
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It remains to consider the case when there is no box (z, j) in uj with the above 
hsted properties. Then fx'j = a — 1 for all j = /Ua + 1 , . . . , 6 — 1 and Hi = b — 1 
for all z = |U^ + 1 , . . . , a — 1 . Hence in this remaining case the product (9) equals 



u + b-l + a-l-a-b + 1+1 u-b + l-a + nl^+l + b-l 



X 



u + b + a—l—a — Ha—1+1 u — b + 1— a+l+a—l+b — 1 

u-fia-a + a + b-1 ^ ^ 

X J ; = 1 D 

u + b + nl^ — a — b + 1 

§7. In this final section we derive from Theorem 2 the formula dimVx = l\ / hx for 
the dimension of the irreducible dS"; -module V\ . We will actually show that the 
coefficient /!/dimV> in the relation F^ = l\/ (iivaV\-F\ equals h\, the product of 
the / hook-lengths of the Young diagram A . We will use induction on the number 
of rows in A . If there is only one row in A , then h\ = l\ and dim V\ = 1 ? so 
the desired equality is clear. Let us now make the inductive assumption for A , and 
consider the Young diagram obtained by adding m boxes to A in the row A'^^ -|- 1 . 
Denote the new diagram by 6* , we assume that m ^ Xi for any i = 1, . . . , X'l . Put 
/U = (to , , , . . . ) and consider the eigenvalue r0(z , w) of the operator J : W -^ W 
corresponding to the multiplicity-free component Vq C W . 

In our case, there is only one standard tableau M of shape n . Let G be the 
unique standard tableau of shape 9 agreeing with A in the entries 1 ,...,/ ; the 
numbers I + 1, . . . , I + m then appear in the last row of O . By definition, 

Fq ■ FaFmRam{z,w) = re{z,w) ■ FqFaFm = h\m\ re{z,w) ■ Fq ; 

the second equality here has been obtained using the inductive assumption. On the 
other hand, due to Proposition 2 the matrix element Fq coincides with the value of 
the product FaFmRam{z ,w) at z — w = X'l . To make the inductive step, it now 
remains to check that he coincides with the value of hxml rB{z,w) aX z — w = X'l . 
Let us use Theorem 2 when bj = j for every j = 1 , . . . , Ai . With our particular 
choice of ;U , we then obtain that rg{z,w) equals the product over i = 1 , . . . , A'^ of 

m Xi Xi ^ 

Y\iz-w + X,-i-j + 2)-T\{z-w + X,-i-j + l)-T\ -— . 

j = l j=m+l j = l 

Changing the running index j to A^ — j ' + 1 in the products over j = 1 , . . . , to 
and over j = to + 1 , . . . , A^ above, we obtain after cancellations the equality 

/ , TT z-w + Xi-i + 1 
r0{z,w) = [[ 



z — w + Xi — m — i + 1 
1=1 



This equality shows that the value rg^z.w) at z — w = X'l coincides with the ratio 

a' a' 

he = TT TT A^ + A^ - z - j + 2 ^ -pr A^ + A^ - z + 1 ^ 
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Let us make a few concluding remarks. Throughout §§1-6 we assumed that z — w^ 
Z , then the ifz+rn- module W is irreducible. For z — wE'L, our Corollary implies 
that the module W is reducible ii z — w is a mixed hook-length of the second 
kind relative to A and /x , and ii w — z is a mixed hook-length of the first kind. 
When X = fi , our Corollary implies that the module W is reducible if | ^ — w | 
is a hook-length of A . Moreover, then the module W is irreducible [LNT] for all 
remaining values | ^ — tw | . 

When X ^ fj, the ifi+m- module W maybe reducible while neither z — w is a 
mixed hook-length of the second kind, nor w — z is a mixed hook-length of the first 
kind. The irreducibility criterion for the module W with arbitrary A and n has 
been also given in [LNT] . This work shows that the module W is reducible if and 
only if the difference z — w belongs to a certain finite subset Sx^ C Z determined 
in [LZ] . This subset satisfies the property S\^ = — S^\ . 

Denote by T>x^ the union of the sets of all zeroes and poles of the rational 
functions rx+^{z,w) /ri,{z,w) in z — w, where ly ranges over all partitions 7 and 
d described in §3 and §5 respectively. Then V\fj_ C Sxfj, . Then —V^\ C S\fj, also. 
Using [LZ] one can demonstrate that if X'i,n[ ^ 3 then V\^ U { — V^x) = Sxfj, . 
However, Vx^ U ( — X'^a) 7^ <Sx^i for general partitions A and fx . For example, if 
A = (8,3,2,1,0,0,...) and ^u = (6,4,4,0,0, .. .) then E Sx^ but O^Vx^.V^x- 

For general A and n , it would be interesting to point out for every t G Sx^ 
a partition u of I + m, such that the CS'i-i-^ -module Vi, appears in W with 
multiplicity one, and such that the ratio rx+^j,{z ,w) / r^{z ,w) has a zero or pole at 
t , as a rational function of z — w . 

References 



[ak; 
[c: 

[d: 

[JK 

[J 
[LNT 

[Lz; 

[l: 

[m; 

[N 

[nt; 



S. Alishauskas and P. Kulish, Spectral resolution of SU{3) -invariant solutions 

of the Yang-Baxter equation, J.Soviet Math. 35 (1986), 2563-2574. 

I. Cherednik, Special bases of irreducible representations of a degenerate affine 

Hecke algebra, Funct. Anal. Appl. 20 (1986), 76-78. 

V. Drinfeld, Degenerate affine Hecke algebras and Yangians, Funct. Anal. Appl. 

20 (1986), 56-58. 

G. James and A. Kerber, The Representation Theory of the Symmetric Group, 

Addison- Wesley, Reading MA, 1981. 

A. Jucys, Symmetric polynomials and the centre of the symmetric group ring, 
Rep. Math. Phys. 5 (1974), 107-112. 

B. Leclerc, M. Nazarov and J.-Y. Thibon, Induced representations of affine 
Hecke algebras and canonical bases of quantum groups, |math/0011074 



B. Leclerc and A. Zelevinsky, Quasicommuting families of quantum Pliicker 

coordinates, Amer. Math. Soc. Translat. 181 (1998), 85-108. 

G. Lusztig, Affine Hecke algebras and their graded version, J. Amer. Math. Soc. 

2 (1989), 599-635. 

I. Macdonald, Symmetric Functions and Hall Polynomials, Clarendon Press, 

Oxford, 1979. 

M. Nazarov, Yangians and Capelli identities, Amer. Math. Soc. Translat. 181 

(1998), 139-163. 

M. Nazarov and V. Tarasov, On irreducibility of tensor products of Yangian 



,j„.;„„ T„j- A/r„j-U T3„„„„„„u TVT„j-;„„„ /1^^o^ 10c; 1 en 



12 MAXIM NAZAROV 

[O] A. Okounkov, Young basis, Wick formula, and higher Capelli identities, Intern. 
Math. Research Notices (1996), 817-839. 

Department of Mathematics, University of York, York YOl 5DD, England 

E-mail: mlnl@york.ac.uk 



